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A discrepancy principle for generalized local
regularization of linear inverse problems

Cara D. Brooks and Patricia K. Lamm

Abstract. A modified version of the classical discrepancy principle is formulated for use
with generalized local regularization operators of the form R, = (aqI + Ay)~'T,, for
the approximate solution of linear inverse problems in Banach space with deterministi-
cally modeled noise. The choice of the local regularization parameter according to the a
posteriori parameter selection strategy is shown to result in a class of convergent regular-
ization methods and a general rate of convergence is provided. As an example, the theory
is applied to establish convergence and convergence rates for approximations obtained
using a zeroth-order local regularization scheme with the modified principle for solving
Volterra convolution equations in LP(0, 1), p € (1,00). A numerical example is provided
to illustrate the practical use and effectiveness of the method.
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1 Introduction and background

Let (X, ||| ) and (Y, []-|ly-) be Banach spaces and A : X +— Y a continuous
linear operator with unbounded inverse (e.g., N'(A) = {0} and R(.A) not closed
in Y'). Consider solving

Au=f (1.1

for v € X, an ill-posed linear inverse problem for which a unique solution exists
that fails to depend continuously on data f € R(A) C Y. In practice, one is
provided only inexact measurement data or data corrupted by noise, thus solution
of equation (1.1) requires a regularization method be implemented. We view the
problem in the context of deterministically modeled data error and place focus on
the application of continuous methods for which convergence can be verified.

A convergent regularization method is formulated in two parts. The first is a
parameter dependent family {R.},,- of continuous operators R, : Y ~— X that
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is used to approximate A~ in the sense that for every u € X,

aling+ |RaAu — ul| = 0.

Any such R,, is said to be a regularization operator for A",
The second part consists of a strategy for selecting the parameter « as a function
of the noise level 6 > 0 and hence operators {Ra(g) } 550 50 that for every u € X,

li ) =
lim a(9) =0

and
limsup{ | Ra(s)9 — u||X ‘ gey, [[Au—gly < 5} =0.
6—0

Classical regularization methods for linear inverse problems are well-established
when X and Y are Hilbert spaces. With such methods, regularization operators
take the form

Ra = ga(A"A) A", (1.2)

where A* : Y — X denotes the Hilbert adjoint of 4, and for each @ > 0,
the continuous function g, : [0, || A[|*] — R satisfies certain properties [6,10]. For
instance, the choice g, (t) = (a-+t)~! yields the Tikhonov regularization operator
Ra = (al + A*A)~" A !

In certain problems, computational efficiency can be improved if regularization
methods are employed that do not require use of the adjoint operator A* ([17]).
One such example is Lavrent’ev or simplified regularization which involves op-
erators of the form R, = (af +.A)~'. This regularization is only known to be
valid for narrow classes of operators 4 (e.g., A monotone).

The subject of this paper, local regularization, is another example. Local reg-
ularization operators in general take the form R, = (anl + Aa)_lTa, and are
valid for use with wider classes of operators .4 provided particular assumptions
outlined in Section 2 are satisfied. It is the goal of this paper to provide a prac-
tical parameter selection strategy that produces a convergent local regularization
method.

1.1 Parameter choice rules

We let f € R(A) represent the exact data and @ € X denote the corresponding
solution to equation (1.1), i.e. Aa = f. The noise level 6 > 0 in the given data is
assumed known and the measured data f° belongs to Bs(f), the closed ball of ra-
dius § centered at f. For each a > 0, u,, and u, are used to denote approximations

! Throughout, I denotes the identity operator on the space to be understood in the context.
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constructed from the exact data and measured data respectively, i.e. uq 1= Rqof
and ud, := R f°, where {Ra} 40 denotes a family of regularization operators for
A~!. We denote by £(X,Y) the space of bounded linear operators from X into
Y with operator norm |- 7 x y and write £(X) when X =Y.

If Ry € L(Y, X), then

Hui - ﬂHX < Rallzivx) 0 + llua — allx (1.3)

provides a simple albeit useful bound on the total error in approximating @ by
ul. As o — 0, the regularization error, ||uq — ||y, tends to zero while un-
boundedness of A~! leads to unboundedness of {|[R4||}, . Hence any choice of
o = «(d) made prior to the construction of an approximation and for which

a(6) >0 and J|R, =0 as §—0

(9) || L(Y,X)
is an a priori strategy yielding a convergent method for solving (1.1). An optimal
choice of o = () relies however on knowledge of a bound on ||u, — @l y Which
depends on smoothness properties of « that are typically unknown [24].

We focus instead on a posteriori rules, practical strategies for which selection
of a = (4, f°) is typically performed “online” i.e. u, is computed at decreasing
values of « until some criteria are satisfied. The most well-known a posteriori rule
is the classical discrepancy principle due to Morozov [16, 19, 21]. Based upon the
heuristic that the method should not produce results more accurate than the error

level in the given data, o = «(6, %) is chosen to satisfy
|t = 7| =7, (1.4)

for fixed 7 > 1.

Although popular, the discrepancy principle in (1.4) is not best suited for use
with all regularization operators. For instance, when X and Y are Hilbert spaces,
the rate of convergence obtained when paired with Tikhonov regularization under
standard source conditions on % is not of optimal order [6]. Furthermore, con-
vergence of Lavrent’ev regularization with the discrepancy principle (1.4) is not
guaranteed as demonstrated in [11].

Modifications to (1.4) have been studied as viable alternatives that lead to con-
vergent and order optimal methods. The modified discrepancy principle proposed
in [25], known as Arcangeli’s rule when s = 1 and m = 1/2, specifies that
a = a(4, f%) be chosen to satisfy

am HAug - f‘SHY —78° m,s>0. (1.5)
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Note that when s = 1 and o — ||Aug - fd”y is monotone, the small value of o
selected with (1.5) always exceeds that given by (1.4).

The modified discrepancy principle in (1.5) and similar variants were originally
studied to improve and optimize rates of convergence with Tikhonov regularization
[4,5,9,12,25]. Convergence and optimal convergence rates were also established
for Lavrent’ev (simplified) regularization paired with the modified principle in
(1.5) [7,8,11,20].

Numerous parameter selection strategies have been formulated, many for reg-
ularization operators of the form (1.2) under the requirement that X and Y are
Hilbert spaces, and other heuristic or error-free strategies for which the parameter
choice does not depend explicitly on the noise level in the data, see e.g. [13, 14].
Local regularization however is not based on spectral representations nor does it
require underlying spaces to be Hilbert spaces, hence strategies reliant on these
aspects are not considered nor are strategies for which convergence cannot be
guaranteed 2. The so-called Balancing Principle in [24] is a recently introduced
adaptive selection strategy, and although quite general, relies upon monotonic-
ity assumptions that need not hold for generalized local regularization operators.
Adaptation of such a principle for use with local regularization is however the
subject of on-going study. We refer the interested reader to [6] and the many ref-
erences therein for more on parameter selection strategies.

1.2 Outline of the paper

In this paper we develop a theoretically-sound a posteriori parameter selection
strategy based on (1.5) for the method of generalized local regularization. In Sec-
tion 2, the generalized framework and main convergence results for local regular-
ization operators defined in [2] are recalled for use in later sections. We define
the modified discrepancy principle for selecting the generalized local regulariza-
tion parameter, and establish sufficient conditions for convergence of the resulting
method and for a general convergence rate. In Section 3, the theory is applied
to establish convergence and specific convergence rates of a particular local reg-
ularization for solving Volterra convolution equations in LP(0,1), p € (1,00)
in which the parameter is selected using the modified principle. In Section 4, a
numerical example is included to illustrate the practical application of the method.

% Convergence of a method cannot be guaranteed if @ does not depend explicitly on the deter-
ministically modeled noise level 6 [1].
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2 A discrepancy principle for local regularization

A general definition of the local regularization operator is provided to fix notation
and concepts used below (see [2] for greater detail). Henceforth take X = Y and

et |- = 1[Il x-
Definition 2.1. Let & > 0. For each o € (0, a], let (X, ||-||,,) be a Banach space
and assume that the following hold:

Al. The “data sampling” operator T,, € L (X, X,,) satisfies
[Tagllo < Mrllgll, g€ X,

for Mr > 0 independent of « € (0, @].
A2. The operator T,.A may be decomposed as
Ta-A = Da + Ao/rou
for ro, Dy € L(X,X,) and A, € L(X,), where for some a,, # 0, the
following hold.

(i) The operator (aql + A, ) has a bounded inverse on X,.

(i) The operator D, is approximated by a,r, in the sense that for every
ueX
(Do — aara)ull, = o(c(a)) as a— 0T, 2.1

where ¢(-) : (0,00) — R, satisfies

1
A7 22
H(a +Aa) ‘L(Xa) ~ (o)’ 22)
and c(a) -0 as a— 07,
Then R, € L(X, X,) defined by
Ra = (aod + Ay) " 'T,, (2.3)

is a (zeroth-order) local regularization operator.

Remark 2.2. In the case of X a Hilbert space, a natural question is whether the
regularization operators associated with classical methods such Tikhonov regular-
ization or Lavrent’ev regularization can be considered local regularization opera-
tors in the sense of this definition. The somewhat surprising answer is no.
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For classical Tikhonov regularization, if we make the expected definitions
on - X: Ta = I, jju - A*: -Auc - A*Aa Qo = Q@

it follows that

and
Dy, =T,A— Ayra =0,

the zero operator on X. Thus the only way that (2.1) can hold is if u = 0. The
same conclusion follows for Lavrent’ev regularization (for suitable A) with the
choices

Xo=X, ro=1, T, =1, Ay =A, a,=cq. 2.4)

Thus the construction of a class of local regularization operators takes some
care, which we illustrate by example in Section 3 in the case of A a v-smoothing
Volterra operator (see also [2]).

Remark 2.3. In general r,, can be expected to be either a restriction or projection
type of operator. The distinguishing characteristic of local regularization is not the
presence of r,, but, as is discussed in Remark 2.2 above, the ability of the method
to satisfy the special condition (2.1).

The main convergence results for the generalized version of local regularization
outlined above (with a priori parameter selection) are summarized here.

Theorem 2.4. [2] Let { R} ae(0,a] be a collection of local regularization operators

() Then {Ra} e (0,a) is a family of regularization operators for A~" in the sense
that for every u € X,

lim [|[RoAu —rqul, =0,
a—0*t

with rq, given in A2. Further, if for u € X and 6 > 0, any selection of
a € (0,a], a = «(0) is made satisfying

a(d) -0 and —0, as §—0 (2.5)

0
c((9))

with c(-) given in A2, it follows that

1i?jgp{ [Ra@9 = a0 ‘ g€ 35(“4“)} =0
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(i) If u € X satisfies conditions ensuring that
|(Da — aara)u ||, < w(a)e(a) (2.6)

for w = w(a,u) > 0 defined for all o sufficiently small and w(a) — 0 as
a — 07, then

|RaAu — rqul, = O(w(a)) as o — 07",

Suppose the data {f6}6>o are given where f° € Bs(Au). If « = a(6) is
selected so that (2.5) holds, it follows that

HRQ((;)f‘S — a(g)uH —I—w(a(5))) —0 as 6 — 0.

2.7)

1)
o O <c<a<6>>

Remark 2.5. If D is a subspace of X and the condition in A2(ii) holds only for
u € D rather than for all u € X, one still obtains the convergence results in
Theorem 2.4 however only for v € D. In this case, the collection {R,} ae(0,a]
would be a family of local regularization operators for .A~! relative to D, i.e. for
every u € D,

RaAu — roul|,, = 0.

lim
a—07T

2.1 A modified discrepancy principle for local regularization

Throughout the remainder of Section 2, we assume & > 0 is fixed, and for each
a € (0,a], Ry is a local regularization operator as in Definition 2.1. Once again,
anon-zero f € R(A) represents exact data and @ € X denotes the corresponding
solution to equation (1.1), i.e. Au = f.

Definition 2.5. Let 7 > 1 be fixed and let b(-) : [0, @] — R denote a continuous,
monotone increasing function that satisfies

b(0) = d 1
(0)=0 an a0+ c(a)

=0. 2.8)

For each § > 0 and f° € Bs(f), the modified discrepancy principle for local
regularization is to choose the local regularization parameter « to be

(8, f0) == inf{a € (0,4 ‘ d(a, f°) = 75} : 2.9)
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where the discrepancy functional d : (0, @] x X — R is defined by

d(a, g) = bla) [|Agwa — Tagll,, » (2.10)
fora € (0,a], g € X, and wy = Rag.

In order that this principle be a well-defined a posteriori parameter strategy for
the local regularization theory developed earlier, we require the following assump-
tions in addition to A1-A2.

D1. For each g € X, the mapping o — || A,wa — Th9l, = [[aaRagl|, depends
continuously on « € (0, &].

D2. There exist continuous, monotone increasing functions a;(-), Ai(+) : [0, &] —
R, such that 0 = a;(0) = A;(0) for ¢ = 1,2, and a1() < aq < ap(a) and
Al(a) < e(a) < A(a) forall a € (0, &)

D3. There exist constants K, L > Osuch that [|ra | £ x v,) < Land [[Aallz(x,) <
K forall « € (0,a].

Remark 2.7. (i) A continuity assumption like D1 is common in classical meth-
ods with a posteriori parameter selection. It is typically assumed that the
map o —> g, in (1.2) is continuous (c.f. pg 84 [6]).

(ii) The scalar functions a, and ¢(«) need not be continuous nor monotone in
contrast to their counterparts in Tikhonov and Lavrent’ev regularization in
which the scalar term o/ provides stability and [|Rall(x) < 1. Condition
D2 serves as an analog of these properties.

(iii)) From Remark 2.2 and the assignments in (2.4), the Lavrent’ev regularization
operator (al 4+ A)~! can be written in the form of (2.3) (although A2(ii)
fails to hold). With b(«) = o™, the principle (2.9) coincides with (1.5) when
s=1.

Continuity of the discrepancy in (2.10) as a function of «, attainability required
in (2.9), and convergence of the method are direct consequences of the given as-
sumptions, an appropriate (relative) scaling of the factors b(-) and 7 appearing in
the discrepancy principle, and an assumption that the method’s sampled “signal”
is greater than the level of noise (cf. (2.11) and (2.12), respectively).

Lemma 2.8. Suppose that D1- D3 hold and that the choice of b(+) in the discrep-
ancy functional (2.10) is scaled with respect to T so that
b(a) < a(a)+ K
T = a(a)

@2.11)
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Then for any 6 > 0 and for f° € Bs(f) satisfying

there exists o, = (0, f0) > 0 satisfying the discrepancy criterion (2.9).

Tdf‘sHa >4, (2.12)

Proof. Note first that for each f9, the mapping o — d(-, f°) is continuous on
(0, @]. Indeed, given the form of R, in (2.3), we may express (2.10) as

d(a, f7) = b(a) |

)

Ug

aaRaf5

=b(a)aq

«

, (2.13)

«

thus continuity is an immediate consequence of D1.
From (2.2), (2.3), A1, D2 and D3, we have

and therefore

0
Ug

Tof?|| < (@@ +K))|

A c(a)

Mrpb(a)ag,

0
! (o)

B(a) ‘ , (2.14)

<d(a, f°) <

A

where we define B(+) : [0, @] — R, by

Bla) 1= A)u(@) (2.15)

- az(o_z) + K

Note that B is monotonically increasing and continuous with B(0) = 0.
It follows from (2.11), (2.12) and (2.14) that d(a, f°) > 74, and from (2.8)
and (2.14) that lin(}+ d(ev, f) = 0. With the continuity of d, we conclude that
a—

there exists an o, € (0, @] for which d(a, f°) = 74, i.e. the infimum in (2.9) is
attained. O

To obtain existence of o (6, f°) for all § > 0 sufficiently small and all f¢ €
Bs(f), f # 0, an additional assumption (2.16) on T, f is required, one which
is satisfied naturally in the case that ||T5, f||, — c|/f|| as & — 0 for some ¢ =
¢(f) > 0 and for @ = @(f) > 0 sufficiently small.

Theorem 2.9. Suppose that D1- D3 hold and b(-) is scaled with respect to T so
that (2.11) holds. Assume further that there exists an € = €(f) > 0 for which

|Tofll, =€ forall ac (0,a). (2.16)

Then the following conclusions hold.



10 C.D. Brooks and P. K. Lamm

() Forall § > 0 sufficiently small and for any f° € Bs(f) there exists c, =
oy (9, f‘s) > 0 satisfying the discrepancy principle (2.9). Further,

(6, ) =0 as §—0, (2.17)

and

) —
Up, — Ta, U

|

(i) Suppose u = 1 satisfies conditions ensuring that (2.6) holds for some mono-
tone increasing function w(-) : [0,00) — R where w(a) — 0as a — 0T.
Then o, = oy (6, %) € (0,a] selected according to (2.9) yields a rate of
convergence

|

asd — 0.

—0 as §6—0. (2.18)

o

B Myd
o =9 <>\1((b'a2)_1(5))

ud — 7o, U

Oy *

+w((b-a1)_1(5))> (2.19)

Proof. (i) Let§ € (0,¢/(Mr + 1)) and pick arbitrary f° € Bs(f). Then

so that f9 satisfies the hypothesis (2.12) of Lemma 2.8. It then follows
that for all 6 > O sufficiently small and for any f0 € Bs(f) there exists
(6, f°) > 0 satisfying (2.9).

We next prove %i_l)l’(l) o (8, f°) = 0. To simplify notation, let ov = o, (6, ).

Then for B(-) defined in (2.15),

Tsf? > ¢ — Mpd > 6,

= Tafla = | Ta (£ - 1)

Y

(&%

76 = d(a, f%) (2.20)

> B(@) (ITaf o — |Tals* = )| )
> B(a) (e — Mrd)
so that
(T + B(a)Mr)§ = eB(a).

That is,
G16 > (b-ar)(a), (2.21)

where G| = (17 + B(&)Mr) (a2(&) + K) /e > 0, with which we may con-
clude from the monotonicity of b, a; that o < (b- ;)" (G4), establishing
the convergence in (2.17).
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(i)

To obtain the convergence in (2.18), use that

1 Mré
[ ) T
- < —— | Tof° =T,
’ua ta a_c(a)’ of of a” cla)’
la] =t —val + e = radll, + Iratl,
My b(a)a 5 _ _
< T C(Oz)a U o + ”ua - TO&UH@ + L ||u|| )
using (2.13), and hence
é

«

{1 B MTb(a)aa] ’

T cla)

S llua —ratllq + Lal -

With (2.17), it follows from (2.8) that
Mrb(@)aa _
50 T cla)

thus returning to (2.24),

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

limsup ||ug|| < L,
0—0 @
by Theorem 2.4. Therefore
. . M7 b(a)a
5 _ T § _
}l_r}(l) Ug — Tall N < lllgl_f(l)lp (7_ C(Oé)a all, + ”ua - Ta“”oz)
=0.

It was shown in Theorem 2.1 of [2] that
[ua = ratll, < w(@)
follows from (2.6), so using the monotonicity of w with (2.21),
lua — radll, = O (w ((b- al)fl(Glé))) :

On the other hand with (2.13), (2.20), and (2.24)—(2.27), we have
b(a)ag,
T o
b(a)az(a)
a)aa
)

- Mrpb(
T (1 B 77ﬂ'c(0c

(b-az)(e)
Gy

0
Ug,

5:

) (w(@) + Llal)

IN

(2.27)

(2.28)

(2.29)
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for some G, > 0 and all « sufficiently small.
Return to (2.22) with D2 and the monotonicity of A;, a;, and b to obtain

‘ ug —uql| =0 ( MT(SI > )
a A((b-az)~1(G29))
as 0 — 0, which together with (2.28) yields the rate stated in (2.19). o

It follows from Theorem 2.9 that the modified discrepancy principle for local
regularization behaves like the a priori parameter choice rule in Theorem 2.4.

Corollary 2.10. Under the assumptions of Theorem 2.9(i), there exists G > 0 so
that

o (8, f0) < (b-a)) "' (G16) (2.30)
for all § > 0 sufficiently small and any f° € Bs(f). Further,
0 —0 as 06 — 0. (2.31)

c(a(d, £9))

If in addition u satisfies the conditions in Theorem 2.9(ii), then there exists G > 0
so that
(6, f0) > (b- a2) "1 (Ga0) (2.32)

for all § > 0 sufficiently small and any f° € Bs(f).
Proof. The upper and lower bounds on «a, in (2.30) and (2.32) are obtained from

(2.21) and (2.29), respectively, from the proof of Theorem 2.9 along with the
monotonicity properties of b, a1, and a,. In addition, note that for o = a, (9, f°),

_— = —d = —
clay T (o, %) T e(a)
so that the desired convergence in (2.31) follows from (2.8), (2.17), and (2.26). O

)
Uey

Qo

3 Application to the v—smoothing Volterra problem in L?(0, 1)

We now apply the generalized theory to establish convergence of a local regu-
larization method involving the modified discrepancy principle defined in Sec-
tion 2.1.

In this section, X denotes the Lebesgue space LP(0, 1) for fixed p € (1,00)
with usual norm ||-||. We define A € £(X) by

Au(t) == /() k(t — s)u(s)ds, ae. te(0,1) 3.1
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with kernel k € C" [0, 1] for fixed v € N, and
EO0)=0, ¢=0,1,..,v—2, and k¥71(0) #£0,

in the case of v > 2, while k£(0) # 0 in the case of v = 1. The v—smoothing
Volterra problem, solving (1.1) with A defined in (3.1), is a generalization of ob-
taining the vth derivative of a given function f and arises in applications such
as population dynamics and mechanics [3, 26]. Note that the operator A is com-
pact and injective with non-closed range, thus solving the v—smoothing Volterra
problem with inexact data warrants the use of a regularization method.

Local regularization of the v—smoothing problem with a priori parameter choice
was treated in [15, 16,22] with X = ([0, 1] and in [2] with X = LP(0,1),1 <
p < oo. It is well-established that local regularization methods applied to Volterra
problems lead to regularized equations that are still Volterra and hence the causal
nature of the original problem remains intact (see e.g. [17]). Discretizations of
the local regularized equations lead to lower triangular linear systems that can be
solved sequentially thus numerical solution is faster and more efficient. This is in
opposition to classical methods, such as Tikhonov regularization, which lead to
the costly solution of full linear systems.

3.1 A local regularization scheme

We first introduce a particular family of local regularization operators for A~!
from [2] according to Definition 2.1 and fix these definitions for the remainder of
the paper.

Fix @ > 0. For each a € (0, @], define

X = LP(0,1 — o), (3.2)

the Lebesgue space with the usual norm |[-[| 15 ;- Define o : X — X, to be
the restriction operator, i.e. for every g € X,

rag(t) := g(t), ae te (0,1 —a). (3.3)

Let Bs denote the o-algebra of Borel subsets of [0,&]. The set of all finite
signed measures on B is denoted by M and may be equipped with the variation
norm, ||| - |||, i-e.

el = [ul([0, a]) = p*([0,6]) + n ([0, a]), e M,

where pt and 1~ denote the positive and negative variations of j respectively.
Note that (M, ||| - |||) forms a Banach space [23].
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Definition 3.1. [2] A collection of measures {na}ae(o,a] C M is said to be a
local-regularizing family of measures if it satisfies the following properties:

(i) There exists a 0 € R such that for each j = 0,1, ..., v,
Pldna(p) = a?™¢; (1 + Cj()) forall a € (0,al,
[0,0]
where

a. C;() is a function for which there is a constant C; > 0
|C;(a)] < Cjar < 1 forall « € (0,al;
b. the constants ¢y, cy,...,c, € Rand ¢, # 0 are such that the roots of

the polynomial p, (), defined by

_cl v CI/*I
PN =T

Co

0!’

A+ %A+ (3.4)

have negative real part.

(ii) There exists a constant C' > 0 such that for every a € (0, @,

[7al([0, a]) < Ca”.

Remark 3.2. A large class of measures can be constructed satisfying conditions
(i) and (i1); see, for example, the measures defined in Proposition 3.5 to follow and
[15]. As is illustrated in [22], assumption (i)b is a stability condition needed to
establish that the sampling operator Ty,, defined in (3.5) below as an 7),-weighted
averaging operator, leads to a well-posed construction of R,.

Let {n.} ac(0,a] € M be a local-regularizing family of measures. For each
a € (0,a) and every g € X, define?
1

Tag(®) = 0, al)

/ ot p)dna(p),  ae te(0.1—a), (3.5)
[0,a]

1 t
Aarogll) = 5 /0 /[0 K p = dnalp) o) ds GO

1 P
Doglt) = =5 /[0 ; /0 K(p — $)g(t + )ds dija(p)

3 Throughout, the Lebesgue measure dm(s) is denoted by ds.
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forae.t € (0,1 — ), and

o = 7711([(1)a])/[0 ]/Opk(p— s)ds dna(p). (3.7)

From Definition 3.1, it follows that ¢y > 0 [2] and
N ([0, @]) > aco (1 — C_‘od) >0 (3.8)

for all € (0, @], and that A1 in Definition 2.1 is satisfied with

C
Mp= ————. 3.9
r Co(l — C()O_é) (3-9)
It also follows that A2 in Definition 2.1 is satisfied with
c(a) = Caq (3.10)

for C' > 0 (independent of «v) and & sufficiently small. Convergence of the method
with a priori parameter selection follows from Theorem 2.4(i).
Under additional source conditions, such as @ € D(u), where for i € (0, v+1],

1 .
D(u) = {u = / (- —s) tw(s)ds, we C|o, l]} , (3.11)
L(p) Jo
with I" the usual Gamma function, a convergence rate is obtained as in Theo-
rem 2.4(ii) with rate function given by

wla) =0 (o). (3.12)

Proofs of the above results are found in [2].

3.2 Convergence with the modified discrepancy principle

Henceforth let {7, } ac(0,a] € M be a local-regularizing family of measures and
{Ra}ae(0,q) the corresponding local regularization operators in (2.3) with the def-
initions given in Section 3.1. 4

We now show, as an immediate consequence of Theorem 2.9, that the above lo-
cal regularization scheme paired with the modified discrepancy principle in (2.9)
results in a convergent local regularization method for the v—smoothing problem.
Under additional conditions on @, we also obtain an a posteriori rate of conver-
gence.

* We drop the use of the restriction operator r,, where no confusion exists.
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Lemma 3.3. (i) For & sufficiently small, there exist constants 0 < k; < Ky for
which D2 is satisfied with

forall o € (0, al.
(i) Condition D3 is satisfied.

Proof. We shall only prove part 2. The result in part 1 is well-known, a proof of
which can be found in e.g. Lemma 3.2 of [2].

We claim that D3 holds with K = Mr [[k[|¢( ;; and L = 1. Fix a € (0,a].
Then

[Mallzizeoi—ayy = sup [ Tak *hll1p,1—q)

Hh”Lp(o,lfa)zl
< sup 1Takll Lo 0,1—a) 121l Lr(0,1—a)

Hh”Lp(o,lfa)=1

< Mr|[kllcp

using Young’s theorem for convolutions. It is evident that D3 holds with L = 1
from the observation [|7agl|1»(1_q) < [l9]| forall g € X. o

In order to establish continuity of d in (2.10) and verify condition D1, we refine
the choice of local-regularizing measures to those that are continuous in M with
respect to the variation norm.

Definition 3.4. A collection of local-regularizing measures {7, } ac(0,a] M is
said to be continuous if the map « +— 1), is continuous.

An example is provided below of one of the many families of continuous local-
regularizing measures (c.f. Lemma 2.2 of [15], Proposition 3.2 of [2].)

Proposition 3.5. There exists ) € L1(0,1), where 1/p + 1/q = 1, such that the
local-regularizing collection of measures {nq} ac(0,5) defined for each o € (0, @]
by

dna = Yadp, (3.13)

is continuous, where
Y (L), ae pel0,al,

Yalp) = : (3.14)
0 ae.pe€ (a,q]
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Proof. Existence of a polynomial function v in (3.14) leading to a local-regularizing
family of measures on [0, @] defined according to (3.13) follows directly from the
arguments in [2,15]. Let ¢ € L9(0, 1) denote any such function.

Fix @ € (0, &) and let h > 0 be such that (a + h) € (0, a]. To prove continuity
from the right, use a change of variables and Holder’s inequality to obtain

1Ma+n — nalll
= [Natn — Nal ([0, &) + [Nasn = Nal (0, + 1)) + [Nasn — nal([a + R, &])

4 P p
<[l )o@l [ [ () o
h
v <<1 a a|+|h> ) —¥() + 19l oo,y B[P (a+ h)V?,

which goes to zero as h — 0 by continuity of translations in L4(0, 1), ¢ € [1, 00).
Continuity from the left at each v € (0, @] is established by reversing the roles of
« and « + h in the above arguments with & < 0 such that (« + h) € (0,&). ©

<«

L1(0,1)

Lemma 3.6. Let {1} a€(0,d] C M be a continuous local-regularizing family of
measures. If for every a € (0, &), 1 is concentrated on [0, ) or no({a}) = 0,
then for & sufficiently small, D1 is satisfied. >

Proof. Fix a € (0,&) and let h > 0 be such that (« + h) € (0,a]. Letg € X. To
prove continuity in D1 from the right, first use a variation of constants formula to
express

in terms of the resolvent, X, € L'(0, 1 — ), the unique function satisfying

PTLk(t — Tok(t

Xa(1) +/ Tkt =5y (as= 2D e te01-a),  (15)
0 Aoy Qo

for & > 0 sufficiently small [3]. Note that X, € C[0, 1—a] as Tpk € C¥[0,1—q].

Then for all t € (0,1 — (o + h)), we may define

Xh@) = Xa+h(t) - on(t)

and Toonk(®)  Tuk(t)
]{Ih(t) — a+h _ta .
Qa+h (07

> As usual, a measure 1 € M is said to be concentrated on a set E if u(F) = 0 whenever
ENF = {foranyset F C [0, a].
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Therefore

laa+n Rat+ndllLeo,1-(a+n)) — laaRagll Lo 0,1-a) (3.16)
SN To+ng = Xasn * Taing — Tag + Xa * Tagll 1o0,1—(a+n)
SN Ta+rg = Tagll ro,1—(asny) + 1(Xasn = Xa) * Tasngll Loo,1—(a+n)
+ [ X * (Torng — Tag)l 1o 01— (atn))
< 6 [ Torng — Tag||Lp(0,l—(a+h)) + |’“?hHL1(071_(a+h>) Mr gl
(3.17)
where in [2] it was established that for & sufficiently small and all « € (0, &/,
1
ok
with C' > 0 the constant appearing in (3.10). Then by (3.15),

Lt 1Xall 20,10y < (3.18)

Blt) + Thh’“ i B () + ki (t) * Xa(t) = kn(D),
Qo+

fort € (0,1 — (a+ h)) and
a+hk(

t
XLt <
‘h()‘_/O Qa+h

k _
< :i /|Xh(s)’ds
at+h L2 (0,1—(a+h)) YO

+ [kn % Xall oo 0,1 (atny) T I1Fnll oo 0,1 (atn))

\ds+‘/ kn(t — s)Xa(s)ds| + |kn(t)]

< |[Tectnk /t|2€ (s)|d + L 28]
=~ h\S S h|| 1,00 —(a .
Qoth || Lo (0,1 (ath)) J0 C L=(0,1=(a+h))

Using Gronwall’s inequality, it follows that

jh+hk
Qa+h

LOO(O,I—(a+h))> .
(3.19)

In view of (3.17) and (3.19), it suffices to show that for all g € X, the quantities
1Tasn9 = Tagll Lo 0,1—(a+n)) a0 Kl Loo(0,1— (a-n)) both tend to zero as b — 0
while boundedness of ||Ty1pk/aanll Lo°(0,1—(a+h)) follows from continuity es-
tablished in the arguments below.

) !
1% 21 0,1 (@) < & Enll o 0,1-(asmy ©XP (
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Observe that if p(+) : [0, &] — R is a continuous function, then

(3.20)

/ ©(p)dna+n(p) — / ©(p)na(p)
[0,a+h] [0,a]

/ w(p)dna(p)
(ov,a+h|

< llellep.a Hlmasn = nalll + 1al (o, o + h])]

which goes to zero as h — 0 because }lLin}) INa| ((a, @ 4+ h]) = 0 under the as-
—

<

+

/ o(0)d (s — 1) (0)
[0,0+h]

sumptions on 7. In particular, the mappings « +— 1,([0,a]) and & — a,, are
continuous by taking ¢(p) = 1 and (p) = [ k(s) ds respectively in (3.20).
Similarly, let ¢ € X and define .., € LP(0,1 + &) by

t) ae.te (0,1
Geut(t) 1= #lt) (0.1) (3.21)
0 otherwise.

Then Minkowski’s integral inequality yields

/ ©(- + p)dnan(p) — / o(- + p)dna(p) (3.22)
[0,c+h]

[0,a]

LP(0,1—(a+h))

<

+

/ et (- + p)d(Narn — Na)(p) / Gext (- + p)dna(p)
[0,a+h] (a,a+h]

< ”SDH [H|77a+h - 7]04'” + |77a| ((Oé,Oé + h])] :

which also approaches zero as h — 0 again by the assumptions on 7.

It follows from the definitions of T, and kj together with the convergence es-
tablished for the quantities in (3.20) and (3.22) that | T 119 — Tag|| LP(0,1—(at+h))
and [|kp|| oo 0,1 —(a+n)) tend to zero as desired proving continuity from the right.
Continuity from the left at each « € (0, &] is established by reversing the roles of
a and « + h in the above arguments with &4 < O such that (& + k) € (0,&). O

Finally, we establish in the next lemma that the assumption on |7, f||,, needed
in Theorem 2.9 and Corollary 2.10 holds automatically if & > 0 is sufficiently
small. It follows then from Theorem 2.9 that there is (6, f°) satisfying the dis-
crepancy principle (2.9) for all § > 0 sufficiently small and any f° € Bs(f), as-
suming that b(+) is scaled appropriately with respect to 7 (i.e., according to (2.11)).
But even when ¢ is not small, we provide a condition under which existence of
(0, f°) is still assured, this time by appealing to Lemma 2.8 and provided again
that b(-) is scaled appropriately.
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Lemma 3.7. There exists an € = €(f) > 0 for which ||To f||pp0,1—_a) = € for

all « € (0,a] and & = d(f) > 0 sufficiently small. Moreover, if Hf‘SH /6 is
sufficiently large , then HT I HLP(OI &)~ 0.

Proof. We first establish that for every g € X, the operators {7}, ¢ g 5 satisfy
I Tog — g||Lp(O71_a) —0 as a—0. (3.23)

To that end, let g € X and let g, be its extension to [0, 1 4+ @] as in (3.21). The
properties of local-regularizing measures, (3.8), (3.9), and Minkowski’s inequality
for integrals yield

[Tag— g||Lp(o,1—a)
1
nJMMA
v
~ a%¢(l = Cha)

< MT sup ||gea:t(' + ,0) - gezt(')” ’
pE€[0,a]

/’gmc+m—%nmm4m
[0,0]

LP(0,1—q)

jﬁ) g+ 2) = 9eO)lz0.1-0) ] ()

which tends to zero as & — 0 by continuity of translations in LP(0,1 + &), p €
[1,00).
Fix & € (0, 1) and choose ¢ > 1 so that

HfH

< fllero,1-a)

holds. From (3.23), we may choose a = a(f) € (0, 4] sufficiently small so that
for all « € (0, @],

11l e (0,1-a)

ITaf = Flingoma) < ——2

Since || f | 0,1-a) < /11 Lo (0,1—a)- it follows that

1/l zr(0,1-a f
Tt = Flinonoy < 2= < WL 1
holds for all o € (0, @]. Thus
TSl r©,1—a) 2 Iflr0,1—a) = 1Tt = FllLr0,1—a) (3.24)
c—1
B 1l 2r0,1-a)

Y]
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and hence || T f || 1p(0,1—a) = € > Oforalla € (0, &(f)], wheree = (c — 1) || f]] /2.
If | £°]| /6 > 1+ (1 + Mr)/(c — 1), then with (3.24) we have

6 > T fll __’ 5T
’Taf ’LP(O,I—(E) el HTafHLI (0,1—&) Taf Taf L2(0,1-)
c—1
> S Il - Mo
c—1 5
e BUREER
> 6. o

3.3 Convergence Results

We conclude with the main convergence results.

Recall that X = LP(0,1) for fixed p € (1,00) and {74 }ac(0,a) S M is a
continuous local-regularizing family of measures such that for each o € (0, a],
Tl is concentrated on [0, &) or 7o ({a}) = 0. The operators {Ra},¢(g 5] are the
corresponding local regularization operators in (2.3) with the assignments of X,
Ta» Tous Aas and a, made in (3.2)—(3.7), respectively, and c¢(«) in (3.10). Suppose
the that data {f5}5>0’ f° € Bs(f), are given.

Theorem 3.8. If & is sufficiently small, then there exists c, = (0, f°) > 0 which
satisfies (2.9), limg_,0 i, (6, f°) = 0 and

|

Moreover, suppose that i satisfies the source condition i € D (), for some p €
(0, + 1], where D(u1) is defined in (3.11), then with b(a) = Ca™ for some
m,C = C(a,r) > 0in (2.10), there exists o, = a, (5, f%) > 0 which satisfies
the discrepancy criterion (2.9) and yields the rate of convergence

[

where ( = min {m, p}.

5.~

—0 as 6 > 0. (3.25)
LP(0,1—ov)

5 _ﬂ‘

Oy

_ o (5¢/mtv)
oy =0 (5 ) as & — 0, (3.26)

Proof. Existence of a, and convergence in (3.25) are direct consequences of Lem-
mas 3.3, 3.6, and 3.7, and Theorem 2.9(i). The convergence rate in (3.26) for
@ € D(u) follows from Theorem 2.9(ii) using w(«) as given in (3.12). O
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4 Numerical Example

Numerical examples found in [2] illustrate the application of local regularization
without the use of a discrepancy principle for solving the one—smoothing problem
with k(t) = e~/2, the exact solution @ given by

—20t/3 + 1, 0<¢<023,
5t—25, 03<t¢<0.5,
—5t+25, 05<t<07,

20t/3—17/3, 0.7<t<l,

and 3% relative error in the data.® For each a € (0,a), Ta, Aq, and a,, are defined
as in (3.5)-(3.7), where 7, is the continuous local-regularizing measure defined
in Proposition 3.5 with (p) = —14.2776p + 12.0051 stably constructed from
p1(\) = A+5 with small parameter 0.001.” Note that both Lebesgue measure and
a discrete measure are also valid choices for mildly smoothing Volterra problems
(such as this example).®

For comparison and to illustrate practical use of the method described in Sec-
tion 3, we revisit this example employing the same local regularization and collo-
cation scheme previously used, however here the values of the local regularization
parameter are selected using both the new modified discrepancy principle and the
classical discrepancy principle (with the ||-||-norm measured on the reduced inter-
val [0,1 — a).

That is, N = 200 and ¢; = i/N, i = 1,..., N are the equally spaced col-
location points. The exact data, f = A4, is represented by the vector fy =
(f(t1),..., f(ty))" € RN, A uniformly distributed random error vector &y is
added to fx to form the noisy data vector f§. The absolute error § = ||0n ||y =
0.0043 and the relative error in the data is 0/ || fx||gy = 0.03, where |||z~ de-
notes the Euclidean norm on R*.

We fix @ = 0.08 and 7 = /2. Fori = 1,..., N, let X(t;_ t;) denote the usual
characteristic function of the interval (;1, ;] and Sy = span{x(,_, 1 1Y, Note
that we do not assume additional data is available beyond the interval [0, 1] as
would be needed to produce an accurate reconstruction on the entire interval with
any method due to the nature of the Volterra problem. Thus, the local regularized
approximation is that v € Sy_, which satisfies (aoI + Ay)v = Tofoatt;,i=

% A three-smoothing problem was also treated in [2]

7 Example 4.3 of [2] illustrates the stable construction of ) associated with p, (\) in (3.4) with
small parameter 3.

® Discrete measures also work in practice for the infinitely smoothing Inverse Heat Conduction
Problem.
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1,...,N —r, where « is selected from the set Ay 5 = {r/N | r=1,2,...16}.
We denote by u?\’—r,a € RN=", respectively iiy_, € RN, the vector with i
component given by the collocation-based regularized solution v, respectively ,
att = ((i —.5)/N),i = 1,...,N — r. The relative solution error is given by

(5N VY| A P P

N—r
The value of the Eew modified discrepancy functional is computed using b(«) =
N0 ([0, a]) = 4.866c times the Euclidean norm of the discrete representation of
Aaug — T, f°. Similarly, the classical discrepancy functional is the Euclidean
norm of the discrete representation of .Au‘sa — f9. In this example, both the new
modified discrepancy functional and classical discrepancy functional are observed
to be monotone increasing in « on [0, 1 — «] hence the values of « are chosen as
the greatest in Ay 4 so that the discrepancy functionals do not exceed 74.

The new modified discrepancy principle predicts the value a,, = 0.07 and the
relative solution error in u‘fgé o, 18 13.4%. The classical discrepancy principle
predicts the much smaller value of a pp = 0.02. To compare, the relative solution
error in u‘fSQaDP is 63.2%. The reconstructions are plotted on the interval [0, 0.93]
in Figure 1 with @ displayed in dashed lines.

Furthermore, we illustrate in Table 1 and Figure 2 the asymptotic behavior of
a4 (9) using the new modified discrepancy principle and compare it to the theoret-
ical result of 6'/2 in Theorem 3.8 (with v = m = p = 1).

o o/ nley | an [ aufo™”
0.00426 0.0300 0.08 1.23
0.00202 0.00143 0.06 1.33
0.00113 0.000795 0.45 1.34
0.000538 | 0.000379 | 0.025 1.08
0.000297 | 0.000210 | 0.020 1.16

Table 1. Asymptotic behavior of a,.
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